We study symmetric teleparallel (STP) gravity model, in which only spacetime nonmetricity is nonzero. First we obtain STP equivalent Einstein-Hilbert Lagrangian and
Introduction
It can be thought that Einstein's general relativity (GR) is one of the biggest achievements of the last century. This work, first time, formulated a comprehensive theory containing gravity and matter that gave rise to a new understanding of universe. Some deficiencies, however, appeared in Einstein's approach in last decades and people started to investigate whether GR was a unique and basic theory that explains exactly the gravitational interactions. These matters come from basically cosmology and the quantum field theory. In the former; the standard cosmology model based on GR and the standard model of particle physics is inadequate for explaining the universe at limit zones because of the existence of the bing bang singularity, flatness and horizon problems. On the other hand, if someone wants to achieve the quantum explanation of the space-time (or gravitation), it is realized that GR is a classical theory. Because of these realities and the absence of a definite quantum gravity theory, efforts of finding an alternative gravity theory are continued.
One of the most efficient approaches is the non-Riemannian formulation of gravity (see [1] and references therein), but little evidence for physical relevance of additional fields. In non-Riemannian gravity models metric, co-frame and full connection are considered as gauge potentials. The corresponding field strengths are the non-metricity Q 
Non-Riemannian
As seen from the table there is nearly no work on the symmetric teleparallel gravity (STPG).
This work aims to fill this gap. Due to the fact that curvature and torsion vanish, it is usually asserted that this model is a gravitational field theory that is closest possible to flat space- (a − b) are used.
Mathematical Preliminaries
The triple {M, g, ∇} denotes the space-time where M is a 4-dimensional differentiable manifold, g is a non-degenerate Lorentzian metric and ∇ is a linear connection. g can be written in terms of the co-frame 1-forms
where {e a } orthonormal and {dx α } co-ordinate co-frame 1−forms, and η ab = (−, +, +, +)
orthonormal and g αβ co-ordinate components of the metric. Orthonormal co-frame is dual to
Here ı denotes the interior product operator mapping any p-form into (p − 1)-form. Besides, we set space-time orientation by ǫ 0123 = +1 or * 1 = e 0123 where * is the Hodge star operator mapping any p-form into (4−p)-form. Finally, the connection is specified by a set of connection 1-forms {Λ a b }. In the gauge approach to gravity, η ab , e a , Λ a b are interpreted as the generalized gauge potentials, and the corresponding field strengths; the non-metricity 1-forms, torsion 2-forms and curvature 2-forms are defined through the Cartan structure equations; table 2. 
We also need the identities
D * e ab = −Q ∧ * e ab + T c ∧ * e abc (3)
where with Q = Λ a a = Q a a Weyl 1-form. The full connection 1-forms are decomposed uniquely as follows [14] - [16] :
where ω a b are the Levi-Civita connection 1-forms
K a b are the contortion 1-forms
and q a b anti-symmetric tensor 1-forms
In this decomposition the symmetric part
while the anti-symmetric part
In gravity models it is complicated to keep all the components of Q a b . Therefore, people sometimes deal only with certain irreducible parts of that. To obtain the irreducible decompositions of non-metricity invariant under the Lorentz group, firstly we write
where Weyl 1-form Q = Q a a and η ab Q ab = 0. Now we sum up the components
in terms of
where
The components have properties
Thus the components are orthogonal in the following sense (20) where δ ij is the Kronecker symbol and N ij any 4-form. Then
3 Symmetric Teleparallel Gravity 
After a frame transformation via vierbein e a = h a α dx α and Λ
we obtain the field strengths in orthonormal components
The Einstein-Hilbert Lagrangian in STPG
The orthonormal teleparallel representation of the Einstein's theory is interesting and useful.
Therefore, we derive the Einstein-Hilbert Lagrangian 4-form. Firstly we use the decomposition of the full connection (6), with
By substituting that into R a b (Λ) we decompose the non-Riemannian curvature as the follows:
where R 
Here after using the equality
we discard the exact form and we notice that D(ω) * e a b = 0 because T a and Q a b vanish for ω a b (see eq. (3)). Thus
where κ is gravitational coupling constant. In two-dimension we note q ac ∧ q cb ∧ * e a b = 0.
A Symmetric Teleparallel Solution to the Einstein Equation
Now we give a brief outline of GR. GR is written in (pseudo-) Riemannian spacetime in which torsion and non-metricity are both zero, i.e., connection is Levi-Civita. Einstein equation can be written in the following form
where G a is Einstein tensor 3-form, R ab (ω) is Riemannian curvature 2-form, (Ric)
a is scalar curvature, τ a is the energy-momentum 3-form.
For the symmetric teleparallel equivalent of Einstein equation we use the the decomposition of the non-Riemannian curvature 2-form (32) and set R a b (Λ) = 0. Thus we obtain the symmetric teleparallel equivalent of (36)
We now proceed the attempt for finding a solution to the STPG model. As usual in the study of exact solutions, we have two steps. The first one is to choose the convenient local coordinates and make corresponding ansatz for the dynamical fields. The second step concerns providing the invariants of the resulting geometry. While the choice of an ansatz helps to solve the field equations easily, the invariant description provides the correct understanding of the physical contents of a solution.
Since metric and connection are independent quantities in non-Riemannian spacetimes, we have to predict separately appropriate candidates for them. Therefore we first write a line element in order to determine the metric. We naturally start dealing with the case of spherical symmetry for realistic simplicity,
where f = f (r) and g = g(r). A convenient choice for a tetrad reads e 0 = f dt, e 1 = gdr, e 2 = rdθ, e 3 = r sin θdϕ .
In addition, for the non-Riemannian connection we choose
where prime denotes derivative with respect to r. These gauge configurations (40) and (41) satisfy the constraint equations R a b (Λ) = 0 , T a (Λ) = 0. One can certainly perform a locally
Lorentz transformation
which yields the Minkowski gauge Λ a b = 0. This may mean that we propose a set of connection components in a special frame and coordinate which seems contrary to the spirit of relativity theory. However in physically natural situations we can choose a reference and coordinate system at our best convenience.
We deduce from equations (40)- (41) 
When we put (43) into (38) we obtain, with τ a = 0
whose components read explicitly
′ rg e 013 = 0 (47)
′ rg e 012 = 0 .
Then from (45) and (46) g(r) = 1/f (r) (49) and from (47) and (48)
where C is a constant.
In order to have a correct understanding of the resulting solution, we need to construct invariants of the Riemannian curvature and the non-metricity. Although the total curvature is identically zero in the teleparallel gravity, the Riemannian curvature of the Levi-Civita connection is nontrivial:
Thus the quadratic invariant of the Riemannian curvature reads
and the spacetime geometry is naturally characterized by the quadratic invariant of the nonmetricity
These two quadratic invariants provide the sufficient tools for understanding the contents of the classical solutions. Important observation is that the Riemannian curvature invariant (52) is singular at r = 0, but regular at the zero (r = C) of the metric function f (r), which means that we have a horizon here. The resulting geometry then describes the well known
Schwarzschild black hole at r = 0 with the horizon at r = C. Since we are dealing with symmetric teleparallel gravity, it is necessary also to analyze the behavior of nonmetricity. As seen from (53), the nonmetricity invariant diverges not only at the origin r = 0, but also at the Schwarzschild horizon r = C. The horizon is a regular surface from the viewpoint of the Riemannian geometry, but it is singular from the viewpoint of symmetric teleparallel gravity.
Lagrange Formulation of STPG
We formulate STPG in terms of a Lagrangian 4-form
where ρ a b and λ a are the Lagrange multiplier 2-forms giving the constraints
L changes by a closed form under the transformations One can consult Ref. [20] for further discussions on gauge symmetries of Lagrange multipliers. It is important to notice Dλ a rather than the Lagrange multipliers themselves couple to the second field equations (59). As a result we must calculate Dλ a directly and we can manage that by taking the set of covariant exterior derivative of (58):
Here we used the constraints
where the covariant exterior derivative of a (1, 1)-type tensor is
The result (60) is unique because Dλ a → Dλ a under (56). Thus we arrive at the field equation
Now we write down the following Lagrangian 4-form which is the most general quadratic expression in the non-metricity tensor [21] :
Here k 0 , k 1 , k 2 , k 3 , k 4 , k 5 are dimensionless coupling constants and κ = 8πG c 3 , with G the Newton's gravitational constant. Inserting (21)-(24) into (65) we find
where the new coefficients are the following combinations of the original coupling constants:
We obtain the variational field equations from (66)
One can consult Ref. [9] for the details of variations. Since 0 τ a = R 
Conclusion
In this paper we investigated the symmetric teleparallel gravity. interesting ones. Consequently, we suggest that in addition ordinary matter that interacts gravitationally through its mass, the dark matter in the Universe may interact gravitationally through both its mass and a new kind of gravitational charge [22] - [23] . The latter coupling is analogous to the coupling of electric charge to electromagnetic field where the analogue of the Maxwell field is the non-metricity field strength. That is, such "charges" may provide a source for the non-metricity. The novel gravitational interactions may have a significant influence on the structure of black holes. For example, we may speculate that this unknown gravitational charge may have repulsive nature.
